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Abstract
We construct N = 1 supersymmetric versions of four-dimensional Freedman-Townsend
models and generalizations thereof found recently by Henneaux and Knaepen, with
couplings between 1-form and 2-form gauge potentials. The models are presented both
in a supereld formulation with linearly realized supersymmetry and in WZ gauged
component form. In the latter formulation the supersymmetry transformations are
nonlinear and do not commute with all the gauge transformations. Among others, our
construction yields N = 1 counterparts of recently found N = 2 supersymmetric gauge
theories involving vector-tensor multiplets with gauged central charge.
1 Introduction
Four-dimensional Freedman-Townsend models [1] involve peculiar gauge invariant self-
couplings of 2-form gauge potentials. These couplings are local, but nonpolynomial in
the elds and in the coupling constant. Nonpolynomial couplings of a similar type,
but between 2-form gauge potentials and ordinary gauge elds, are met in recently
constructed D = 4, N = 2 supersymmetric gauge theories [2, 3] involving so-called
vector-tensor multiplets [4, 5].
In the latter models, the nonpolynomial couplings arise from gauging a nonstandard
global symmetry, the so-called central charge of the vector-tensor multiplet. This was
illustrated in [6] through a nonsupersymmetric toy-model. In contrast, the nonpoly-
nomial couplings appearing in Freedman-Townsend models are not related to a global
symmetry that is gauged.
Nevertheless there is a relationship between all these models from which one can also
understand the origin and similarity of the peculiar couplings appearing in them. In
fact, the Freedman-Townsend models, the toy-model discussed in [6], and the purely
bosonic part of the N = 2 supersymmetric gauge theories in [2, 3], with scalars set to
constants, can all be t in a larger class of (nonsupersymmetric) gauge theories found
recently by Henneaux and Knaepen [7].
As Henneaux-Knaepen models arise so naturally in the supersymmetric gauge theo-
ries mentioned above, it is tempting to seek supersymmetric versions of these models.
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The purpose of the present paper is the construction of N = 1 globally supersymmetric
Henneaux-Knaepen models in four spacetime dimensions.
We shall rst review four-dimensional nonsupersymmetric Henneaux-Knaepen mod-
els in section 2. In section 3 we construct supersymmetric Henneaux-Knaepen models
with linearly realized supersymmetry in terms of appropriate superelds, generalizing
earlier work [8] on supersymmetric Freedman-Townsend models. Section 4 provides
the component version of these models in an appropriate \Wess-Zumino (WZ) gauge"
and is the main part of the paper. In section 5 we illustrate the results for two simple
examples, one of which is an N = 1 counterpart of the aforementioned N = 2 gauge
theories. The paper is ended with some concluding remarks in section 6 and a short
appendix containing among others our conventions.
2 D=4 Henneaux-Knaepen models
The models couple sets of 2-form and 1-form gauge potentials. We shall label these
gauge potentials by indices A and a respectively, and denote their components by
BµνA = −BνµA and Aaµ. The action and gauge transformations can be elegantly writ-
ten by means of auxiliary vector elds V Aµ . In this rst order formulation, they are
polynomial. The nonpolynomial form is then obtained upon eliminating the auxiliary
elds. In rst order form, the Lagrangian reads
L = LFT + LHK + LCM + Laux (2.1)
LFT = −14 εµνρσV AµνBρσA (2.2)
LHK = −14 δabF^ aµνF^ µνb (2.3)












µν are given by
V Aµν = ∂µV
A
ν − ∂νV Aµ + gfBCAV Bµ V Cν (2.6)
F^ aµν = rµAaν −rνAaµ , rµAaν = ∂µAaν + gV Aµ T aA bAbν . (2.7)




E = 0 (2.8)
T aA cT
c
B b − T aB cT cA b = fABCT aC b . (2.9)
According to (2.8) and (2.9), the fAB
C are the structure constants of a Lie algebra G,
while the T aA b are the entries of matrices TA representing G,
[ TA , TB ] = fAB
CTC .
Further conditions are not imposed. In particular, G can be any nite dimensional Lie
algebra (not necessarily compact), TA can be any real representation thereof, and δab,
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cab and δAB, which appear in LHK, LCM and Laux respectively, need not be G-invariant
tensors (hence, in general L is not globally G-invariant).
We shall refer to LFT, LHK, LCM as the Freedman-Townsend, Henneaux-Knaepen,
and Chapline-Manton part of the Lagrangian respectively. We note that by combining
all these parts in a single action we have slightly deviated from [7] where such a combi-
nation was not considered (rather, Chapline-Manton type couplings, of a more general
form, were discussed separately from the other two types). The reason is that the
Chapline-Manton part arises naturally in the supersymmetric extensions constructed
later on, and therefore we have introduced it already here. LCM gives rise to couplings of
the 2-form gauge potentials (or, more precisely, their eld strengths) to Chern-Simons
forms, similar to those appearing in [9] and in the Green-Schwarz anomaly cancella-
tion mechanism [10]. This becomes clear upon elimination of the auxiliary elds (see
below). Note that the V -independent part of LCM is a total derivative.
Eq. (2.8) guarantees the invariance of the action under the following gauge transfor-
mations,
δCBµνA = rµCνA −rνCµA , δCAaµ = 0 , δCV Aµ = 0 , (2.10)
where the CµA are arbitrary elds, and rµCνA is given by
rµCνA = ∂µCνA − gV Bµ fBACCνC . (2.11)
Indeed, the δC-transformation of the Lagrangian is a total derivative,
δCL = δCLFT = −12 ∂ρ(εµνρσV AµνCσA) .
This holds because the terms in δCLFT without derivatives (i.e., those which are cubic
in V ) cancel thanks to (2.8). One can easily deduce this from the Bianchi identity
εµνρσrρV Aµν = εµνρσ(∂ρV Aµν + gV Bρ fBCAV Cµν) = 0 .
This Bianchi identity holds thanks to (2.8) for any G, as V Aµν has precisely the form of
a nonabelian Yang-Mills strength. Note however that V Aµ cannot be interpreted as a
Yang-Mills gauge eld (the action is clearly not invariant under corresponding Yang-
Mills gauge transformations, due to the presence of Laux). The gauge transformations
δC are reducible because a shift CµA ! CµA + rµQA modies δCBµνA only by the
term [rµ , rν ]QA = −gV BµνfBACQC which vanishes on-shell for any elds QA (as V Aµν
vanishes by the equations of motion for BµνA).




a + gV Aµ T
a
A b





ρσa − cab F^ aµν)T bA cc
(2.12)
where the a are arbitrary elds. Indeed, thanks to (2.9) one has
δF^
a
µν = [rµ , rν ] a = gV Aµν T aA b b .
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It is now easy to verify that δ(LHK + LCM) is precisely canceled by δLFT,
δ(LHK + LCM) = −δLFT ) δL = 0 .
Let us briefly discuss the formulation without auxiliary elds V Aµ . Up to a total




















− g2T aA cT bB d(δabηµνAcρAρd − δabAµdAνc − cab εµνρσAcρAdσ)








F aµν = ∂µA
a
ν − ∂νAaµ .
The equations of motion for V Aµ give ( denotes equality on-shell)
KµνAB V
B
ν  HµA ) V Aµ  (K−1)ABµν HνB , (K−1)ACµρ KρνCB = δAB δνµ .
The formulation without auxiliary elds is thus obtained by substituting (K−1)ABµν HνB
for V Aµ in the above expressions for the action and gauge transformations. For instance,







HµA (K−1)ABµν HνB + 14δabF aµνF µνb

. (2.13)
Note that KµνAB depends on the elds, but not on derivatives thereof. Hence, its inverse
is nonpolynomial in the elds, but still local. As a consequence, in the formulation
without auxiliary elds, the action and gauge transformations are also nonpolynomial
but remain local. In fact, the action contains only terms with exactly two spacetime
derivatives, while the gauge transformations are linear in derivatives. The gauge trans-
formations commute on-shell, i.e., they are abelian.
To understand the nature of the above models and of their gauge symmetries, it is
instructive to view them as deformations of corresponding free theories (in fact, this is


























































Expanding the action (2.13) in g, one nds

















Hence, to rst order in g the action couples Aaµ and BµνA to rst and second order
currents jµa and j
µνA of the free theory. These couplings arise from LHK and LFT
respectively. In addition there are couplings of HAµ to abelian Chern-Simons forms
originating from LCM.
Analogously one may expand the gauge transformations in g. At zeroth order this
reproduces of course the gauge symmetries of the free theory. The rst order pieces
involve the global symmetries of the free action given above through transformations
gaa. Hence, δ gauges these global symmetries (δBµνA involves in addition terms
related to the Chapline-Manton couplings). This explains why Henneaux-Knaepen
models arise when one gauges the central charge of the N = 2 vector tensor multiplet,
as this central charge is a global symmetry of the above type.
We remark that jµa , j
µνA are conserved for any constants T bA a, fBC
A, i.e., whether or
not these constants fulll (2.8) and (2.9). The latter conditions arise at order g2 from
the requirement that the deformed action be invariant under deformed versions of the
gauge transformations of the free model [7].
3 Superfield formulation
We shall now construct a supersymmetric extension of the Lagrangian (2.1) in terms
of superspace integrals. To this end we associate an appropriate supereld with each of




µ , and generalize the gauge transformations (2.10) and (2.12)
to these superelds. Similarly to the nonsupersymmetric case, the supereld associated
with V Aµ is auxiliary and may eventually be eliminated algebraically. Our construction
applies to general G (not necessarily compact), and any real representation TA thereof.
As a consequence, even in the pure Freedman-Townsend case, in general we cannot use
traces over matrix valued elds in order to construct the Lagrangian. Therefore we
must spell out indices A and a explicitly, where necessary.
The superelds associated with Aaµ and V
A
µ are standard real vector superelds which
we denote by Aa and V A respectively. We assign dimension 0 to Aa and dimension 1
to V A, as the latter is auxiliary.






A = 0 , (3.1)
5
where Dα˙ is a supercovariant derivative mapping superelds into superelds, cf. ap-
pendix. We assign dimension 1/2 to ΨαA. Then the independent component elds of Ψ
α
A
are two Weyl fermions with dimension 1/2 and 3/2 respectively, a complex scalar eld
with dimension 1 and a 2-form gauge potential, also with dimension 1. We remark that
ΨαA is the prepotential of a real linear supereld A = D




In order to construct the supereld action, we dene two chiral superelds, Y aα and
W Aα , constructed of A
a and V A. Y aα is given by
Y aα = −
i
4
D2(e−2iV Dα eiVA)a , V = gV ATA , (3.2)
where TA are real matrices representing G as in (2.9), and D2 = Dα˙ Dα˙. In (3.2),
Dα˙ and Dα act on everything to their right, and ordinary matrix multiplication is
understood, i.e.,






W Aα is dened analogously to the spinorial eld strength in super-Yang-Mills theory,
gW Aα TA = −
i
4
D2(e−2iVDα e2iV ) . (3.3)
We are now prepared to present our supereld Lagrangian. It reads




d2θ W AΨA + c.c. (3.5)
LHK + LCM =
Z
d2θ kabY







d2θ d2θF(V ) + c.c. (3.8)
where kab = kba are arbitrary complex numbers, and F(V ) is any function of the V A
that allows eventually to eliminate V A (e.g., one may take F(V ) / δABV AV B, but
more general choices are admissible too). LFI is present only in the special case that
all the representation matrices TA have a vanishing row in common, i.e., only if
T aˆA b = 0 8A, b (3.9)
for some a^. In that case one may include LFI, with arbitrary real numbers µaˆ. LFI is of
course a Fayet-Iliopoulos contribution [12]. The supersymmetric Henneaux-Knaepen
and Chapline-Manton parts of the Lagrangian, LHK and LCM, arise from the real and
imaginary part of kab respectively.
Thanks to the use of superspace techniques, the action
R
d4x L is manifestly super-
symmetric. We shall now show that it has in addition gauge symmetries corresponding
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to (2.10) and (2.12). As in [8], the counterpart of (2.10) is generated on the superelds
through
δCΨαA = i D
2(e−2iVˆDα eiVˆC)A , δCAa = 0 , δCV A = 0 (3.10)
where the CA are arbitrary real vector superelds, and
V^A
B  −gV CfCAB . (3.11)
In (3.10), matrix multiplication is understood, as in (3.2). In order to verify the
invariance of the action, one calculates
δC L = δC LFT = − i
2
Z
d2θ W αA D2(e−2iVˆDα eiVˆ C)A + c.c.
’ 2i
Z







−2iVˆ )A − c.c.
= 0 ,
where ’ denotes equality up to total derivatives and we have used that CA is real. The
last equality holds thanks to the identity
(eiVˆ )A
B Dα(Wα e
−2iVˆ )A = (e−iVˆ )AB Dα˙( W α˙e2iVˆ )A (3.12)
where
(Wα e
−2iVˆ )A = W Bα (e
−2iVˆ )BA .
(3.12) is nothing but the \super-Bianchi identity" (for any G) familiar from super-
Yang-Mills theory, cf. appendix.
(3.10) extends indeed the gauge transformation (2.10) to the superelds, as the eld
CµA which appears in (2.10) corresponds just to the vector eld contained in CA.
Finally we present the supereld version of the gauge transformations (2.12). It
reads
δΛA
a = i(eiV− e−iV )a , δΛV A = 0
δΛΨA = 4ig kabY
a T bA c 
c
(3.13)
where the a are abitrary chiral superelds,
Dα˙
a = 0 . (3.14)
Using (3.14), one veries that (3.13) implies
δΛY
a







It is now easy to check that the supereld Lagrangian is δΛ-invariant. Indeed, Laux is
evidently invariant, while the transformations of LFT and LHK + LCM cancel,




W AδΛΨA + 2kabY
aδΛY
b) + c.c. = 0 . (3.16)
Finally, if (3.9) holds, then exp(iV )aˆb = δaˆb , and (2.12) implies
δΛA
aˆ = i(aˆ − aˆ)
which in turn guarantees the gauge invariance of (3.7), as aˆ is a chiral supereld.
Note that Aaˆ transforms exactly as a standard abelian gauge supereld.
The lowest component eld of a + a corresponds to a in (2.12).
4 Models in WZ gauge
The gauge transformations (3.10) and (3.13) act as shift symmetries on some of the
component elds of the superelds ΨA and A
a. As usual, this signals that the ac-
tion can actually be written in terms of fewer elds, with a correspondingly reduced
gauge invariance and modied supersymmetry transformations. In this section we shall
construct such a \WZ gauged" version of the models.
(3.10) suggests that, in WZ gauge, the remaining elds originating from ΨA will
be those of a real linear multiplet, i.e., a real scalar eld ϕA with dimension 1, the
components BµνA of a real 2-form gauge potential, also with dimension 1, and a Weyl
spinor χA with dimension 3/2. Similarly (3.13) indicates that, in WZ gauge, A
a will
give rise only to a real vector eld Aaµ with dimension 1, a Weyl spinor λ
a with dimension
3/2 and a real auxiliary eld Da with dimension 2.




a, Da). Again, we complement these elds by all the component elds of
the auxiliary superelds V A in order to work in a convenient rst order formulation.
This is possible because the latter elds are invariant under the gauge transformations
(3.10) and (3.13) and can thus be kept in WZ gauge. As before, the component elds
of V A are auxiliary and may be eliminated algebraically at the end, along with the Da.





Now, from the experience with other supersymmetric gauge theories, one expects
that the supersymmetry algebra holds in WZ gauge only modulo gauge transforma-
tions. This is our motivation for using a particular gauge covariant graded commuta-
tor algebra of supersymmetry and gauge transformations as the starting point for the
construction of WZ gauged models. We shall then use this algebra to construct the
Lagrangian, supersymmetry and gauge transformations.
The algebra has an unusual form which is inspired by the models in sections 2 and
3 (see discussion below). On gauge covariant quantities constructed of Aaµ, λ
a, Da and
the component elds of V A it reads1
1One would not expect that (4.1) can be realized also on BµνA, ϕA and χA since it does not contain
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[Dµ , Dν ] = −gF^ aµν δa [ δa , Dµ ] = −gV Aµ T bA a δb
[Dα , Dββ˙ ] = −2g εαβ λaβ˙ δa [ δa , Dα ] = −gΓAα T bA a δb
fDα , Dβg = 0 [ δa , δb ] = 0
fDα , Dα˙g = −iDαα˙ (4.1)
where Dα and Dα˙ generate the supersymmetry transformations (on component elds),
the δa generate gauge transformations corresponding to (2.12) resp. (3.13), Γ
A and
V Aµ will be constructed of the auxiliary elds (see below), and Dµ are gauge covariant
derivatives
Dµ = ∂µ − gAaµ δa . (4.2)
Note that (4.1) is somewhat similar to the gauge covariant algebra in WZ gauged
super-Yang-Mills theories. However there is a remarkable dierence to the latter the-
ories (and to other supersymmetric gauge theories as well): the supersymmetry trans-
formations do not commute with all the gauge transformations!2 In order to explain
this unusual feature we remark:
(a) From sections 2 and 3 it is clear that the algebra (4.1) should in the special case
TA = 0 reproduce the supersymmetry algebra of usual abelian gauge theory in
WZ gauge. Hence, fDα , Dα˙g should thus contain the covariant derivative rather
than the partial one, reflecting the presence of a gauge transformation in the
commutator of two supersymmetry transformations.
(b) We aim at the construction of supersymmetrized Henneaux-Knaepen models.
To that end [ δa , Dµ ] must not vanish because otherwise we would get F^ aµν =
∂µAν −∂νAµ rather than an expression like (2.7). This is seen from the following
calculation which uses (4.2) in the form ∂µ = Dµ + gAaµ δa:
0 = [ ∂µ , ∂ν ] = ∂µ(Dν + gAaν δa)− (µ $ ν)
= (Dµ + gAaµ δa)Dν + g(∂µAaν) δa + gAaν (Dµ + gAbµ δb) δa − (µ $ ν)
= [Dµ , Dν ] + gAaµ [ δa , Dν ]− gAaν [ δa , Dµ ]
+ g(∂µA
a
ν − ∂νAaµ) δa + g2AaνAbµ [ δb , δa ] .
Since fDα , Dα˙g = −iDαα˙ and [ δa , Dα ] = 0 would imply [ δa , Dµ ] = 0, the require-
ments in (a) and (b) show that [ δa , Dα ] must not vanish because otherwise we would
not end up with supersymmetric Henneaux-Knaepen models (rather, we would get a
the gauge transformations (2.10) and since the gauge transformations (2.12) do not commute off-shell
on BµνA. Indeed, we shall find that the algebra has an accordingly modified form on BµνA, ϕA and
χA.
2Actually the algebra (4.1) alone would still permit the possibility that supersymmetry and gauge
transformations commute on-shell. However, this will not be the case, as one expects since the gauge
transformations (2.12) do not vanish on-shell (cf. also remarks at the end of this section).
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supersymmetric abelian gauge theory of the standard type). Besides, the calculation
in (b) also shows that the algebra (4.1) reproduces exactly the curvature (2.7),
F^ aµν = ∂µA
a
ν − ∂νAaµ + gT aA b(V Aµ Abν − V Aν Abµ) .
Now, an analysis of (4.1) and the Bianchi identities following from it shows that the
algebra is realized o-shell by the following supersymmetry and gauge transformations
of Aaµ, λ
a, Da and the component elds of V A:
(i) All the component elds of V A are gauge invariant and (4.1) reduces thus on these
elds to the standard supersymmetry algebra. Hence, the component elds of
V A form a standard real N = 1 vector multiplet, as in the supereld formulation.
ΓAα is dened through
gΓAα TA = (e
−iVDα eiV )j , gΓAα˙ TA = (eiV Dα˙ e−iV )j (4.3)
where j denotes the θ-independent part of a supereld, and we used a notation
as in (3.3). This implies
DαΓAβ +DβΓAα + gΓBα ΓCβ fBCA = 0 ,
as required by the Bianchi identity
f[ δa , Dα ] , Dβg+ [ fDα , Dβg , δa ]− f[Dβ , δa ] , Dαg = 0 .
The analogous Bianchi identity with Dβ replaced by Dα˙ determines V Aµ ,
V Aαα˙ = i(DαΓAα˙ + Dα˙ΓAα + gfBCAΓBα ΓCα˙ ) . (4.4)
For later purpose we note that one gets
DαV Aµ = −(σµηA)α + ∂µΓAα − gΓBα V Cµ fBCA
DαηAβ = εαβhA + i2σµναβV Aµν − gΓBα ηCβ fBCA
Dα˙ηAα = −gΓBα˙ ηCα fBCA






A = 0 , (4.5)
where ηA, hA and V Aµν can be obtained from a supereld WA dened in the
appendix,
ηAα = WAα j
hA = 1
4
(DαWAα + gfBCAΓαBWCα )j+ c.c. ,
V Aµν = −iσµναβ(DαWAβ + gfBCAΓBα WCβ )j+ c.c.
= ∂µV
A
ν − ∂νV Aµ + gV Bµ V Cν fBCA . (4.6)
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(ii) The supersymmetry transformations of Aaµ, λ
a
α and D
a are given by
DαAaµ = −(σµλa)α − gΓAα T aA b Abµ
Dαλaβ = εαβDa + i2σµναβF^ aµν − gΓAα T aA b λbβ
Dα˙λaα = −gΓAα˙ T aA b λbα
DαDa = − i2(Dµ + gV Aµ TA)ab (σµλb)α − gΓAα T aA b Db . (4.7)
δa is realized on λ















b = hAT bA a . (4.8)
The corresponding gauge transformations of Abµ, λ















b = g hAT bA a
a . (4.9)
We are now prepared to construct the WZ gauged Lagrangian, along with the su-
persymmetry and gauge transformations of BµνA, ϕA and χA. The Lagrangian is
L = LFT + LHK + LCM + LFI + Laux (4.10)
LFT = −1
4




LHK + LCM = −1
4
D2kab (e−ivλ)a(e−ivλ)b + c.c. (4.12)
LFI = µaˆD
aˆ (4.13)
with Laux as in (3.8) (since the component elds of V
A are gauge invariant and have
the same supersymmetry transformations as in the supereld formulation). In (4.12)
we used the notation D2 = DαDα, kab are abitrary complex numbers as in (3.6), and v
is a matrix valued eld constructed of the lowest component elds of the V A and the
representation matrices TA,
(e−ivλα)a = (e−iv)ab λbα , v = gv
A TA , v
A = V Aj . (4.14)
(4.12) will be spelled out explicitly at the end of this section.
As in the supereld formulation, the Fayet-Iliopoulos part (4.13) is present only
if all the representation matrices TA have a vanishing row in common, i.e., if (3.9)
holds. Laux and LFI are separately supersymmetric (up to total derivatives) and gauge
invariant and therefore need not be discussed further (indeed, (3.9), (4.7) and (4.8)
imply DαDaˆ = − i2∂αα˙λaˆα˙ and δDaˆ = 0). We note that the Freedman-Townsend
part (4.11) can be directly obtained from (3.5) by dening the component elds of ΨA
appropriately, but we skip the details of these denitions as they do not matter.
The crucial part of the Lagrangian is (4.12). This part is neither gauge invariant
nor supersymmetric by itself. However, its gauge and supersymmetry variations can
be canceled (up to total derivatives) by choosing the gauge and supersymmetry trans-
formations of BµνA, ϕA and χA appropriately, such that the gauge and supersymmetry
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variations of (4.12) are killed by terms in the variations of (4.11) (up to total deriva-
tives). To show this, we introduce the notation
P = kab (e
−ivλ)a(e−ivλ)b .
Using the algebra (4.1), one obtains straightforwardly
δaD2P = 1
4
− g2ΓAΓBT bA cT cB a + 2g ΓαAT bA aDα + g(DαΓAα )T bA a − δbaD2 δbP . (4.15)
Similarly, the supersymmetry transformations of (4.12) are analysed, using (4.1) and
the fact that P is chiral, Dα˙P = 0. The latter follows from the denition of ΓAα˙ , (4.3),
and from Dα˙λaα given in (4.7),
Dα˙(e−ivλα)a = gΓAα˙ (e−ivTA λα)a + (e−iv Dα˙ λα)a = 0 . (4.16)
Using in addition DαAaµ given in (4.7), one nds
DαD2P = 0
Dα˙D2P = 2i ∂αα˙DαP − i

4λaα˙ − 2g ΓαAAbαα˙T aA b + 2Aaαα˙Dα

δaP . (4.17)
In order to analyse (4.15) and (4.17), we use that eq. (4.8) gives, due to the gauge
invariance of v,










A a , Gab(v) = kcd (e
−iv)ca (e−iv)db . (4.19)




A or V Aµν , where all these elds appear undierentiated except for η
A
α˙ . From
eqs. (4.15), (4.17) and (4.18) we can thus infer that, up to total derivatives, the gauge
and supersymmetry variations of (4.12) can be written as linear combinations of the
undierentiated elds ηAα , η
A
α˙ , h
A and V Aµν with eld dependent coecient functions.
The particular form of (4.11) allows us therefore to cancel these linear combinations
through appropriately chosen terms in the transformations of BµνA, ϕA and χA which
are obtained from evaluating (4.15) and (4.17) explicitly.
This yields the following gauge transformations of BµνA, ϕA and χA,
δϕA = g
aδaϕA δBµνA = g
aδaBµνA , δχA = g
aδaχA
δaϕA = −rΩAa − rΩAa




r2ΩαAa + i∂αα˙ Ωα˙Aa + ig V Bαα˙ Ωα˙CafABC , (4.20)
where
rαΩβAa = DαΩβAa − gΓBα (T bB aΩβAb + fBACΩβCa)
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r2ΩβAa = DαrαΩβAa − gΓαB(T bB arαΩβAb + fBACrαΩβCa) . (4.21)
Analogously one determines the terms in the supersymmetry transformations of
BµνA, ϕA and χA that compensate for the supersymmetry variation of (4.12). The
supersymmetry transformations of BµνA, ϕA and χA still have to be completed by
contributions which cancel those terms in the supersymmetry variation of (4.11) orig-
inating from the transformations of the auxiliary elds (up to total derivatives). Not
surprisingly, the additional contributions contain the standard supersymmetry trans-
formations of a linear multiplet, plus some nonlinear extra terms involving the auxiliary
elds. Altogether one nds
DαϕA = χαA − igAaαα˙ Ωα˙Aa − gΓBα fABCϕC
DαBµνA = (σµνχA)α + igAaρ(σρσµν ΩAa)α − gΓBα fABCBµνC
DαχβA = −gΓBα fABCχβC







CBρσC)− gΓBα˙ fABCχαC . (4.22)
In addition the Lagrangian is gauge invariant under transformations of BµνA as in
(2.10), with all other elds invariant under these gauge transformations,
δCBµνA = rµCνA −rνCµA , δC (all other elds) = 0 . (4.23)
Let us now return to the algebra of supersymmetry and gauge transformations. One
nds that (4.20) and (4.22) realize the algebra (4.1) on BµνA, ϕA and χA only on-shell
3
and up to gauge transformations (4.23). In particular one gets
fDα , DβgBµνA = 0





ηµν ϕA − BµνA , rµZνρA = ∂µZνρA + gV Bµ fABCZνρC .
Altogether, we nd that the commutator of two supersymmetry transformations in-
volves a translation and gauge transformations δ and δC with eld dependent 
a and
CµA. More precisely, denoting a supersymmetry transformation with anticommuting
parameters ξ by
ξ = ξ
αDα + ξα˙ Dα˙ ,
one gets on all the elds
[ ξ , ξ′ ] = a
µ∂µ − δ − δC
aµ  iξ0σµ ξ − iξσµ ξ0 , a  aµAaµ , CµA  12aµϕA − aνBµνA . (4.24)
3As in the nonsupersymmetric case, [ δa , δb ] vanishes only on-shell.
13
In rst order formulation this holds o-shell, in the formulation without auxiliary elds
only on-shell.
Finally, we spell out (4.12) explicitly,


































Γ^A  ΓA + ΓB(e−ivˆ)BA . (4.26)
Remarks.
1. As BµνA, ϕA and χA appear only in the Freedman-Townsend part LFT of the
Lagrangian, one immediately concludes that V Aµν , h
A and ηA vanish on-shell. It is also
to easy to infer that hA appears only linearly in the action and that its equation of
motion yields vA as a function of the ϕA (the precise relation between the v
A and ϕA
depends on the choice of the TA and the function F in Laux).
2. The previous remark implies that the gauge transformations of λa, Da and ϕA
vanish on-shell (for λa and Da, this is seen from (4.9) because ηA and hA vanish on-
shell; for ϕA, it follows from the fact that ϕA equals on-shell a function of the v
A).
The algebra (4.1) shows thus that, on these elds, the supersymmetry transformations
commute on-shell with all the gauge transformations. The same is however not true
for Aaµ and BµνA, as their gauge transformations do not vanish on-shell.
3. As in usual supersymmetric gauge theories, a Fayet-Iliopoulos contribution breaks
supersymmetry spontaneously, as is seen from the equation of motion for Daˆ and from
Dαλaˆβ in (4.7). The gauge symmetries remain unbroken, as one can infer from the fact
that the gauge transformation of ϕA vanishes on-shell (cf. previous remark).
4. g = 0 reproduces the usual supersymmetric gauge theories for free real linear
multiplets (in rst order formulation) and abelian WZ gauged vector multiplets. Hence,
the models are deformations of these standard supersymmetric gauge theories. For
g 6= 0 but TA = 0, (4.25), (4.7) and (4.9) still reproduce the Lagrangian, supersymmetry
and gauge transformations of standard free abelian supersymmetric gauge theory in WZ
gauge (as Gab is constant for TA = 0), while the linear and auxiliary multiplets establish
supersymmetric pure Freedman-Townsend models in WZ gauge without couplings to
the abelian gauge multiplets Aaµ, λ
a, Da.
5 Examples
To illustrate some features of the models constructed in the previous sections, we will
now discuss two examples. We begin with the simplest case of one gauge multiplet, one
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linear and one auxiliary multiplet. We thus drop the indices A and a in the following,
and take T = 1. The eld dependent coupling G and the spinor Ω dened in eq. (4.19)
reduce to
G(v) = ke−2igv , Ω = ke−2igvλ , (5.1)
where we shall further simplify the discussion by considering k = 1 only. In this case
we have Γα = iDαv, Vαα˙ = [Dα , Dα˙ ]v, and the eld strengths are
Vµν = ∂µVν − ∂νVµ , F^µν = ∂µAν − ∂νAµ + g(VµAν − VνAµ) . (5.2)












∂µΓ + h(2v + ϕ)












− iG(v)λσµ∂µλ + i G(v)∂µλσµλ− 4g D(ΓΩ + ΓΩ)
− 4g2ΓΓ λΩ− 4g2ΓΓ λΩ + 2ig Fµν(ΓσµνΩ + Ωσµν Γ) , (5.3)
where M = iD2v, and
Kµν = ηµν + g2 cos(2gv)(AµAν − ηµνAρAρ) (5.4)
Hµ = 1
2
εµνρσ∂νBρσ + ig Ωσ
µλ− ig λσµ Ω
+ g cos(2gv)F µνAν − g sin(2gv) εµνρσAν∂ρAσ
− 4ig2Aν (ΓσµνΩ + Ωσµν Γ) (5.5)
Fµν = ∂µAν − ∂νAµ . (5.6)
Let us now discuss the formulation without auxiliary elds. By virtue of the equation
of motion for h we can replace v with −1
2
ϕ. To eliminate Vµ, we need to invert the





ηµν − g2 cos(gϕ)AµAν

, E  1− g2 cos(gϕ)AµAµ . (5.7)
We note that Hµ is of the form
Hµ = Hµ + LµνAν , Hµ  12εµνρσ∂νBρσ − 2g sin(gϕ)λσµλ












It proves convenient to eliminate χ in favor of Γ, which we keep as an independent eld
instead. Variation with respect to η then identies χ as the combination
χ  2i Γ + ig e−igϕAµσµλ .








Inserting the above expressions back into the Lagrangian, we nally arrive at



























2 − 4g2eigϕΓΓ λλ− 4g2e−igϕΓΓ λλ
+ 2i g Fµν(e
igϕΓσµνλ + e−igϕλσµν Γ) . (5.9)
As a second example, we present an N = 1 supersymmetric counterpart of the toy
model in [6] and the N = 2 supersymmetric models in [2, 3]. In [7] it was observed
that these theories correspond to the case






i.e., we now deal with two gauge multiplets, one linear and one auxiliary multiplet.








the eld dependent coupling reads
Gab(v) =

k11 − 2i gv k12 − (gv)2k22 k12 − igv k22
k12 − igv k22 k22

, (5.12)
with complex numbers kab. As the entries in the second column of T are zero, so is the








and it follows from eqs. (4.8), (4.5) and (4.20) together with (4.21) that the gauge





1). The eld strengths now are
F^ 1µν = ∂µA
1
ν − ∂νA1µ , Vµν = ∂µVν − ∂νVµ ,
F^ 2µν = ∂µA
2
ν − ∂νA2µ + g(VµA1ν − VνA1µ) .
(5.14)
We shall again take F(V ) to be quadratic. Due to the increased complexity we give





µνVν − VµHµ + 1
4
∂µv∂



















































+ fermions , (5.15)
where
Kµν = ηµν + 1
2
g2 Re k22 (A




+ g(Re k12 + gv Im k22) F




+ g(Im k12 − gv Re k22) εµνρσA1ν∂ρA1σ + g Re k22 F µν2A1ν . (5.17)
As in this case the matrix T has a vanishing rst row, a Fayet-Iliopoulos term has been
added for D1, spontaneously breaking supersymmetry.





ηµν − 12g2 Re k22 A1µA1ν

, E  1− 1
2















Comparing with the N = 2 supersymmetric models [2, 3], A2µ corresponds to the gauge
eld in the vector-tensor multiplet, while A1µ is the analog of the vector eld used to
gauge the central charge.
6 Conclusion
We have constructed N = 1 supersymmetric versions of all the models presented in
section 2. The resulting supersymmetric models are nontrivial deformations of the
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standard supersymmetric gauge theories for free linear and vector multiplets. They
have several unusual properties as compared to other globally supersymmetric gauge
theories. We nd particularly remarkable that, in the WZ gauge constructed in section
4, the supersymmetry transformations do not commute with all the gauge transfor-
mations, in contrast to the formulation with linearly realized supersymmetry given in
section 3. We have presented arguments which suggest that this unusual feature might
be an inevitable property of this type of supersymmetric models, but we admit that
these arguments rely on our construction and are therefore not completely cogent.
Another unusual feature of the WZ gauged models is that neither the Henneaux-
Knaepen nor the Chapline-Manton parts of the action are supersymmetric by them-
selves but only together with the Freedman-Townsend part, again in contrast to the
formulation with linearly realized supersymmetry. This property is less surprising be-
cause, as already in the nonsupersymmetric case, the Henneaux-Knaepen and Chapline-
Manton parts of the action are not separately gauge invariant, but only together with
the Freedman-Townsend part.
Our results suggest several possible generalizations. For instance, one may investi-
gate extensions of the models constructed here by including further elds. Furthermore,
one might try to couple these models to supergravity. Another interesting extension of
our results would be their generalization to N = 2 supersymmetry. In particular this
might streamline and generalize the results of [2, 3]. A possible starting point for such
generalizations could be the algebra (4.1) or suitably modied versions thereof.
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A Appendix
We use ηµν = diag(+,−,−,−) and fDα , Dα˙g = −i∂αα˙ (note the absence of a factor
2 here). Apart from this, our conventions agree with those in [13]. Supercovariant












The supersymmetry transformations of the component elds of a supereld  are
related to the supercovariant derivatives of  through
Dα = Dα , Dα˙ = Dα˙
where Dα and Dα˙ act only on the component elds (and anticommute with the θ’s).
The matrix valued superelds in (3.3) and (4.6) are related by
WAα TA = W Aα eiV TA e−iV  Wα .
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Wα satises a Bianchi identity familiar from super Yang-Mills theory,
DαWα + gf~Γα , Wαg − c.c. = 0 , g~Γα = e−iVDα eiV . (A.1)
(3.12) is equivalent to (A.1). This can be derived from the identity
eiV TA e
−iV = (e−iVˆ )AB TB , (A.2)
which holds for any matrix representation fTAg of G because the entries of TA are
G-invariant tensors. (A.2) implies
WAα = W Bα (e−iVˆ )BA , f~Γα , Wαg = −W Bα (e−iVˆ )BA [ ~Γα , TA ] .
The commutator in the latter expression can be written as follows
g[ ~Γα , TA ] = e




− (e−iVˆ )ABe−iV TBDαeiV




where expressions f. . . g have been rewritten using (A.2). Altogether we get
DαWα + gf~Γα , Wαg = (eiVˆ )AB Dα(Wα e−2iVˆ )A TB ,
which implies the equivalence of (3.12) and (A.1).
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